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In [6], Parrott has shown that the Rudvalis simple group contains a 2-local 
subgroup which is the extension of an elementary group of order 26 by G,(2), 
and O’Nan [S] has characterized the Rudvalis group by this property. This 
raises the question, whether for any Q = 2” > 2, there are finite simple groups 
containing 2-local subgroups which are the extension of an elementary group 
of order 9” by G,(q). In this paper it is shown that the answer to this question 
is negative. 
MAIN THEOREM. Let G be a jkite group containing a subgroup V with the 
followi% properties: 
(1) V is elementary abelian of order qG, where q = 2” > 2, 
(2) iVG( V)/V is isomorphic to the Chevalley group G,(q). Then G = 
O(G) N&7. 
The proof goes as follows: First it is shown that the action of No(V) on V is 
the natural one (taking G,(p) as a subgroup of Sp(6, p)). Then it is quickly seen 
that N,(V) contains a Sylow-2-subgroup of G (which is a fundamental difference 
to the case q = 2) and that V is weakly closed in a Sylow-2-subgroup T of G. 
Another weakly closed subgroup J of T is constructed, and fusion arguments 
together with the results of Goldschmidt [4] lead to a contradiction. 
The reader is assumed to be familiar with the structure of G,(q). All necessary 
information can be found in [2, 31, and [9]. The notation (hopefully) is standard. 
1. GENERAL LEMMAS 
(1 .l) LEMMA. (a) Let D be a group of order 3 acting fixed-point-freely on the 
modules V, ... V, , n > 1. Then D has$xedpoints in VI @ V, @ ... @ V, . 
(b) Let X = SL(2, q) (q = 2”) act irreducibly on an elementary 2-group E, 
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let d E X be an element of order 3. If the action of d on E is$xed-point-free, then X 
induces the natural SL(2, q)-module on E. 
(c) Let X = SL(2, q) ac irreducibly on an elementary group E of order q2, t 
q = 2”.. Then there are two cases: 
(i) X induces the natural SL(2, q)-module on E. 
(ii) q = r2, and X acts on E like SO-(4 r). 
Proof. Part (a) is straightforward. Put K = GF(2), L = GF(q). Any irre- 
ducible XL-module is of type @ Na, where N is the natural XL-module and a 
runs through asubset of Gal(L : K). Let E be any irreducible XK-module. Then 
E OK L is isomorphic to @ Wb, where W is an irreducible XL-module and b 
runs through a certain coset representative system of Gal(L : K). Using (a), 
parts (b) and (c) now follow easily. 
(1.2) LEMMA. Let T be a group which is isomorphic to a Sylow-2-subgroup of 
SL(3, q), q = 2”. Then Aut( T) is solvable. 
Proof. The automorphism groups of ultraspecial groups have been deter- 
mined by Beisiegel [I]. The basic idea is that T/T’ can be regarded as an ortho- 
gonal vector space over GF(q) and that automorphisms acting nontrivially on 
T/T’ and trivially on T’ induce orthogonal linear maps on T/T’. 
(1.3) LEMMA. For any priwte p and any positive integer n, there is a prime q 
dividing Q,(p), but not dividing pi -- 1 for any i < n, with the exceptions (n, p) == 
(6,2) and n = 2, p a Mersenne prime. 
Proof. See Zsigmondy [I 11. 
(1.4) LEMMA. (a) For any positive integers n and k, Q&x) divides @,Jx”). 
(b) Let E be elementary of order qn, q = pk, p a prime. Let Z be a cyclic 
group of order Q,(q) acting faithfully on E. Then the action of Z is irreducible 
(and in particular semiregular), with the following exceptions: 
(i) q = 2, n = 6, / Z 1 = 3 
(ii) q = 4, n = 3, j Z ~ = 21. 
Proof. (a) Assertion (a) follows by looking at the primitive roots of unity 
involved. 
(b) It suffices toshow that there is some prime dividing @Jq) but not 
dividing pi - 1 for any i < nk. Now this follows by (1.3) and part (a) if we 
exclude the exceptions of (1.3). Now for the Mersenne primes, we note 
Q,,(p) = p + 1 and a group of this order is irreducible on a group of order pa. 
The cases (q, n) = (2, 6) and (q, n) = (4, 3) remain exceptional. The case q = 8, 
n = 2 is no problem, since GL(5,2) contains no element of order 9. 
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2. THE STRUCTURE OF G,(q), q EVEN 
(2.1) LEMMA. Let CD, denote the cyclotomic polynomial of degree n. 
(4 The order of G,(q) is @1(q)z@~(q)*@Aq)@6(q). 
(b) Put G = G,(q). Then G has cyclic subgroups 2, of order $5(q) = 
q2 + q + I and Z, of order @,Jq) = q2 - q + 1. For any element x in 2, or Z, 
not of order 1 or 3, 2, , resp., Z, is the centralizer of x. The factor group No(Zi)/Zi 
iscylicoforder6fori = 1,2. 
(c) For any prime p f 2, 3, the Sylow-p-subgroups of G are abelian of rank 
at most two. 
Proof. The facts are well known (cf. Enomoto [3]). 
(2.2) LEMMA. (a) G has two classes of elements of order 3 with centralizers 
isomorphic to 
SL(3Y4) and Z,-l x SL(2, q) if q = 1 (3), 
SU(3, q2) and zgcl x W&q) if q E 2 (3). 
(b) Take P E Syl,(G), PI = Z(P). Then PI has order 3 and is strongly 
closed in P. 
Proof. For (a), see Enomoto [3] or Chang [2]. To prove (b), we note that P 
is contained in a subgroup isomorphic to SL(3, q) or SU(3, q2). Regarding these 
groups on their natural modules, an element of order 3 has eigenvalues either 
1, (Y, 01% or pi, OL, OL where 01 is a primitive third root of unity. Any element of the 
latter type must be central. 
(2.3) LEMMA. Let thepositive roots of G, be denoted by a, b, a + b, 2a + b, 3a + b, 
3a + 2b as in Thomas [9]. For any root I, let X, be the elementary root subgroup of 
order q andF,. thegroupgenerated by X, and X-r . (ThenF,. is isomorphic to SL(2, q).) 
Let T=X$YX X X X b a+b 2a+b 3a+b 3a+2b be a canonical Sylow-2-subgroup of G, 
H the maximal toral subgroup of order (q - 1)2 normalizing T. 
(a) The groups P, = F,HT and Pb = F,HT are the unique maximal 
parabolic subgroups of G containing T. 
(b) There are precisely two classes of maximal elementary abelian %-subgroups 
in G with representatives W and X, where W = X2a+bX3a+bX3a+2r, atld X = 
Xa+bX3a+bX3a+2b * 
(c) Put Q = O,(P,) = WXbX,,, . Then Q = (WC n T). There are 
precisely q + 1 conjugates of W in Q, the group F, permuting them 2-transitively. 
Proof. Part (a) is well known (cf. Thomas [9]). By Thomas (3.10) the con- 
jugates of Win T under T split into two classes, and by the commutator relations 
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it is immediate that N,(X,X,+,X’,,+,,) = Q. Thus there are q 7 1 conjugates 
of Win Q and in T. ^ uow all assertions follow. 
3. THE ACTION OF G,(q) ON V 
Let M be a finite group such that I/ = O,(M) is elementary of order q6, 
q = 2” > 2, M = M/V being isomorphic to G,(q). If X was any specific sub- 
group of G,(q) described in Section 2, the corresponding subgroup of @ is 
denoted by X, e.g., P, , Fb , etc. 
(3.1) LEMMA. Let x be an element of order q2 - q + 1, 
(a) The group (xi is$xed-point-free and irreducible on V. 
(b) Let t be an involution inverting x. Then C,(t) = [V, t] has order 4”. 
(c) Let d be an element of order 3 in NM(x) n C,(t). Then C,(d) has order 
q2 and [V, d] has order q4. 
(d) The elements i and d are not 2-central, respectively, not 3-central in m. 
(e) Let b be a 3-central element of order 3 in M. Then C,(b) = 1. 
Proof. As q > 2, (a) follows from (1.4). Assertions (b) and (c) are immediate 
consequences of (a). The element ;t can be chosen to lie inside the Weyl group 
and hence acts nontrivially on n. Thus by (2.2)b, Ct cannot be 3-central. All 
involutions centralizing a are conjugate into a group pr with a short root r, and 
such a group only contains non-2-central involutions. Thus (d) is proved. 
Put Vo = [V, b] and V, = C,(b). Then Na(b) is faithful on [I/, b]. If q = 2 
(3) then Ca(6) is isomorphic to SU(3, q2) and by (a), such a group is irreducible 
on V. Hence we are done in this case. Therefore assume q - 1 (3). 
Now Cm(b)/C,(b) is isomorphic to SL(3, q). Such a group contains a cyclic 
group of order c&(q), hence by (1.4) an irreducible module has order at least q3. 
(It can easily be verified that q = 4 is no exception, since 33 does not divide the 
order of GL(5,2).) Let w be a primitive 3rd root of unity. Then as b N b2 in M, 
w and wa have the same multiplicity as eigenvalues of b on V. Therefore V, 
splits into two CM(b)-invariant subgroups of the same order. By the above 
remarks, we conclude V = V,, . 
(3.2) LEMMA. (a) Let Y be a short root. ThenFr acts completely reducibly on V, 
and all irreducible P+ubmodules of V are natural SL(2, q)-modules of order q2. 
(b) If x E &? is a 2-central involution, then C,(Z) has order $ and [V, 21 
has order q2. 
(c) If P, and Q are full inverse images of the groups Pa and Q defined in (2.3), 
then Z := Z(Q) has order q2. 
A 2-LOCAL SUBGROUP INVOLVING Ga(2”) 601 
Proof. (a) Fa contains an element of order 3 acting fixed-point-freely on V. 
Application of (1.1) yields the assertion. 
(b) Take zc Xaa+ab . Then the chain V - C,(Z) - [V, Z] - 1 is PC,- 
invariant. Part (b) now follows by (a). 
(c) This is a consequence of (a) and (3.1 b). 
(3.3) LwMA. (a) The group M induces on V the natural module for G,(q) 
(which arises by embedding G,(q) into Sp(6, q)). 
(b) In particular, M is transitive on the involutions in V. We have C,(v) = 
02’(Pb) for a suitable involution v E V, where P, is the full inverse image of the 
second parabolic subgroup of M. 
Proof. (a) Assertion (a) follows from (3. I) and Wilson [IO]. 
(b) There is some orbit of odd length in V under the action of M. By the 
order of subgroups of G,(q) containing a Sylow-2-subgroup and by the fact 
that no odd-order-element of F, , r short, centralizes any involution of I/, 
we get (b). 
(3.4) LEMMA. If Y is any root and ZE W, is an involution, then Cy(X,) = 
C,(i), and [V, x,] = [V, z]. 
Proof. The group C,(Xs,+,,) is F,- invariant and has order @ or q4. Assume 
the former. Then Z(Q) = C,(xs,+,,) = C,(&,+,) = CV(Xr,). By the action 
of the Weyl group, all groups Xr , Y long, centralize Z(Q), in particular, a sub- 
group of M isomorphic to SL(3, q) centralizes Z(Q). This contradicts (3.3). 
Hence the assertion is proved for long roots. Now take Y = 2a + b. By the 
order of Z(Q), C,(xa,+,) has order at least q2, and by (3.1 b), this order can be 
at most q3. Now by (3.3), F, n R is fixed point free on V, and minimal sections 
which are invariant under this group have order q. As C,(~,,+,) is Fa n i7- 
invariant, we are left with the cases q2 and q3. Assume q2. Then Z(Q) = 
C,(x2,+,) = C,(x,+,). As above, we conclude that Z(Q) is central in M. a 
contradiction. Hence CV(xza+b) has order q3, and the first part of the lemma is 
proved. Take Y = 3a + 26. Then [V, 21 is Os’(P,)-invariant and intersects 
Z(Q) nontrivially. But by the action of F, , we must have [V, t‘] = Z(Q). Thus 
we are done for long roots. For short roots, we simply note [V, i] = C,(Z) = 
C,(w,). The lemma is proved. 
(3.5) LEMMA. Put Y = X3a+bXSn+Zb and let W and x be as in (2 3). Then 
C,(W) = Cv(Y) = Cr(J&+&Furthermore, C,(X) = Z(Q) =: Z. Inparticular 
there is only one class of maximal elementary 2-subgroups of M centralizing a 
subgroup of order 43 in V. If Y is a short root and ifs and t are the long roots next 
to Y then C,(X,) = C,(iy,) n C,(J&). 
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pyoof. IfG(&+b) = C&L,,b) we get the same contradiction as in the 
proof of (3.4). Assume 2 = C,(P). Then 2 = C,(~a,+,&). Again this 
implies that all xT , Y long, centralize 2, a contradiction. By the usual argument, 
C,(F) must have order qs and we have 2 < C,(m) < C,(F). Assume 2 = 
C,(W). Then since v is normal in pr, Z is normalized by PO and P, , a contra- 
diction. Hence CV(m) = C,(Y) h as order qa. By (3.4), this group must be equal 
to Cv(~2,+,). 
Assume C,(m) = C,(W). Then C,(&,+,) = C,(xQ+,) yields the usual 
contradiction. Hence C,(X) = Z. F or the last assertion put Y = 2a c 6, 
s = 3a + b, t = 3a i 26 and use the other parts of this lemma. 
(3.6) LEMMA. Let s be a long root. Then F8 acts completely reducibly on V, 
C,(py) has order q2, and the nontrivial F,-irreducible submodules of V are natural 
SL(2, q)-modules for F,Y . 
Proof. Let Y be a short root orthogonal tos. Then there are involutions t and 
t’ in p? , such that (tt’)Z is of odd order and fixed-point-free on I’. Hence V is the 
PS-invariant direct sum of C,(t’) and V,, := C,(t). It easily follows from (3.1) 
that C,(F,) has exactly order q2. Take an element pi of order q + 1 in P,< .Then 
[V, , J] has order q2. Take an involution x Ep8 inverting E,without loss we may 
assume 26 XS . Then [I’, S] = [I’, X,] h as order q and must be contained 
in [V,, ~1. But x, and ii generated,  hence [V, , FJ has order q2. Thus complete 
reducibility s proved. The last assertion follows from (1.1) and (3.1 c). 
(3.7) LEMMA. Let F be the subgroup of M which is generated by the F, , where 
Y runs through the set of long roots. Then 17 is isomorphic to SL(3, q) and acts 
completely reducibly on V, on every irreducible submodule, the natural SL(3, q)- 
action on a group of order 9” is induced. 
Proof, For q s 1 (3), this follows from (3.le) and (3.3). For q =- 2(3) first 
regard the corresponding situation for q2 and then restrict. 
4. PROOF OF THE THEOREM 
(4.1) LEMMA. (a) Take T E Syl,(M). Then T is a Sylow-2-subgroup of G 
and V is weakly closed in T with respect to G. 
(b) Z(T) = Z(Q) n C&Y,) has order q. 
(c) Q is characteristic in T. 
Proof. Assume that T is not Sylow in G. Then V is not weakly closed in T, 
and in particular, there is another elementary group in T of order qs. By (3.5) 
such a group must lie in the inverse image of m. Denote such a group by IV. 
Take t E W, such that i is a short involution. Then all involutions in Vt are 
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conjugate and C,,(t) = W. Hence in VW, there are no further elementary 
groups of order $. Thus V and W are the only elementary groups of order $ 
which are normal in T. Take T1 E Syl,(Nc(T)). Then [T1 : T] = 2. Assume 
that there is a subgroup A of order q6/2 in T. By conjugation, we may assume 
A < VW. Then it is immediately verified that A < V or A < W. 
By (3.5), all elementary subgroups of order q6 in T are contained in Q. Let W’ 
be any such group distinct from I/ and W. Then / T1 : NT1(W’) I= q > 2, hence 
V and W’ cannot be conjugate in Nc( T1). By the above remarks, the set {V, W} 
is normalized by Nc( T,), hence T1 is Sylow in G, and Q is characteristic in T1
(if there is an involution x not in T centralizing a hyperplane of some W, , 
then 1 W, n V: W, n V n W 1 = q, but x does not centralize any subgroup 
of V not contained in V n W). 
By (2.3c), N (Q) acts 3-transitively on the set d of elementary subgroups of 
order q6 in Q. Suzuki [8] implies q = 4, 1 6 1 = 6 and N(S)/C(S) z A,. 
But C(&)/Q is cyclic of order 3, hence an extension of a cyclic group of order 3 
by A, must act faithfully on Z(Q) which is elementary of order 16. This is a 
contradiction, 
We have proved that T is Sylow in G. If V is not weakly closed in T, then 
there must be a group Was above and V must be conjugate toW. By Burnside’s 
lemma, this conjugation must happen in N,(T) which is impossible. Part (a) is 
proved. 
Assertion (b) follows from the action of H. For (c) it suffices to regard T/V and 
to apply (2.3). 
(4.2) Remark. This is the point where q = 2 leads to a completely different 
situation. I  that case, the roles of V and Ware not exclusive inT1 . In fact, the 
Rudvalis imple group has a Sylow-2-subgroup oforder 2r4, and the 2-part of 
the 2-local subgroup considered has only order 212. 
(4.3) LEMMA. (a) Let F be as in (3.7). Then F splits over V. In particular, 
p? splits over V for any long root r. Let F, F, , X, denote complements to V in the 
corresponding groups. 
(b) Let z E -G+2b be an involution. Then C,(z) bus order ql”(qz ~ 1) and 
covers Oz’(PJ. 
(c) The involutions in Vz split into 2 classes under M. The only M-conjugates 
of z inside Vz lie in [V, z]z. 
Proof. (a) This follows from Theorem (4.4) of Sah [7]. 
(b) Let Y ~~~~~~~ be an element of odd order, P, = C,(y)‘. Then pa 
is an extension of an elementary group of order q2 by SL(2, q). It is easy to check 
that [pa , F3a+2b1 is contained in [V, FSa+J. On the other hand, E’, normalizes 
521VX,,+,J = Cv(&+2b)X6,+2b .This gives [pa , -%+2J < U? X3,+,J. As all 
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involutions in [V, Z]Z are conjugate under I’, the factor group pa is covered by 
C,(Z). By (a), Co(z)/C,(z) has order at least q3 and is F,-invariant. Using (1.2), 
we see that C,(x) covers Q/V. Thus (b) is proved. 
Regard the action of F, on the coset C,(Z)Z/[V, z]. The coset [V, Z]Z is 
stabilized byp,, as we have seen above. The remaining q ~ 1 cosets are permuted 
transitively. Hence an element ~2, v E C,(x) - [I’, Z] is not centralized by any 
odd order element of M. Assertion (c) follows. 
(4.4) LEMMA. put y = J7X3nTbX3a--2,> 1 Y,=(uEY-V/U2=1), ?Y== 
{U/U is elementary of order q5, UV = Y}, and Y, = (U/U E oyu>. Then the 
following holds : 
(a) Y, = Yr has order q7. 
(b) The set ?q is P,-invariant and has cardinality q. 
(c) There is a unique U E g such that U is normal in P, . Furthermore, 
U 3 (z” n Y) for some involution z E X3n+2b . 
Proof. We see that Yr contains X$,(X,.) for r = 3a + b, 3a + 2b. The 
group (Cy(~))I~~ y) is F,-invariant, hence we see that Yr has order 4’. 
By (4.3a), ?V is not empty. Take some U E g, u E U - V. Then C,(u) = 
UC,(u) has order q6. Suppose there is some 0 < C,(u), U # 0 E ?V. Then 
necessarily u E 0’. Put VI= U n V, UV= VX,X, , i%‘= VxIzz , where the 
groups X, , X2 , T , Z are elementary of order q and parametrized by elements 
of GF(q). Using the action of Fb , we may assume u = x,(l). Put Z,(a) :== 
x2(~) ~~(a) where va(o~) E C,(5,(,)). Then [x,(l), a,(a)] = [x1(l), va(a)] = 1 for 
5$(a) E i?. This implies va(a) E V, . Hence without loss x2(a) = %,(a) and we 
conclude U = 0. In particular, two different elements of Uy intersect in V, = 
Z(Y). 
Now there are (q2 - 1) q4 involutions in Y0 - V and q5 - q3 involutions in 
0’ - V for any ZJ E oy. Hence ?! contains at most Q elements. 
Put C,(T) = V,(v?.(+ E GF(q)), r = 3a + b, 3a + 26. These elements 
may be chosen such that YF, acts on the group (vXatb(cx), ZI~~~+~&/~), Z(T)/@ E 
GF(q)) (by complete reducibility of Fb .) Using the embedding in Sp(6, q), 
we may assume 
[x,(4 %(P)l = 443 a:, P E GF(d 
for a suitable parametrization of Z(T) and (Y, s) = (3a + b, 3a + 26). Now the 
equation 
[X3o+d4 ~3a+&3h X3nm(Y) ~3l7+m(S)l = 1 
is equivalent to the condition 016 + /~?y = 0. This implies that ~~~+~(~l)va~+~(a@) 
centralizes x 3n+2b(~) vXol.d~) for all 0~ E GFM - WI, if only ~~~,-dl) vsn+dB) 
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centralizes thelatter element. From these quations, we conclude that there are 
precisely 4 elements in g. 
Now it is clear that we can find an element U E g which is normalized by 
FbH, and there can be only one such element. As some elements of U - V 
must be centralized by elements of odd order, (4.3) yields that U contains some 
conjugates ofan involution z E Xaa+ab . By the actions ofV and Fb , we conclude 
U 3 (9 n Y). This fact implies that U is normal in Pb . The lemma is proved. 
(4.5) LEMMA. (a) Let t E M be an involution such that t is short. If t is 
conjugate into V under G, then there is a subgroup W of order q6 in T which is 
elementary and covers W. 
(b) If there is an elementary group W of order q6 covering W, then Wand V 
are the only elementary groups of order q6 in VW, W is normal in Pb , and 
w n v&a+bxaa+2b = U, where U is defined as in (4.4~). Put J = (R/R is 
elementary of order q6, R < J, R # V>. Then J has order qg and is weakly 
closed in T with respect to G. Furthermore, Z(J) = Z(Q) X3a+2b . 
Proof. (a) This follows from (3.1) and Corollary 4 of Goldschmidt [4]. 
(b) Put R = VW. Then Z(R) = V n W = R’. Assume that m is a 
further elementary subgroup of order q6 in R. Let t be an involution i W such 
that i E Xaa+b . Then @’ contains some involution ftype tv, v E V. This forces 
v E C,(t), hence tv E W, whence W = fi = C,(tv). Now the assertions about 
Pb and U are immediate. By (2.3c), there are precisely q + 1 elementary sub- 
groups in T of order q6 which are distinct from V, and these groups are permuted 
transitively by Fa. As the group Z(Q) X,,,,, is contained in W by (4.4c), we
conclude Z(Q) X3a+2b , < Z(J). But clearly J covers Q/V and we must have 
Jr\ V < C,(X,,+,,). The lemma is proved. 
(4.6) LEMMA. Assume that V is the only elementary subgroup of order q6 in T. 
(a) Qn,(C,(U)) = U for the group U defined in (4.4~). 
(b) U is not conjugate under G to any other group 0 E %Y. 
(c) There are precisely q + 1 conjugates of U in T (under the action of G). 
These groups generate a group J of order qg, and we have Z(J) = Z(Q) X3a+2b . 
Proof. Let R be the full inverse image of W in M. Then by (4.5a) and 
Goldschmidt [4], (vG n R) = Y, where Y is defined in (4.4a). The set ??I is a 
characteristic ubset of Y. Assume that U is conjugate tosome r? E g under G. 
Then by Burnside’s lemma, this conjugation happens in NC(T) and hence in 
NG( V). But this is impossible by (4.4~). Thus (b) is proved. 
Clearly C,(U) < R, and C,(U) = U n V. Therefore C,(U) has order at 
most q6. By the action of i7, C,(U) is elementary of order q6 if there is any 
involution i Cr( U) - U. Assertion (a) follows. 
481/51/z-18 
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We have proved that U is characteristic in R. Under the assumption of this 
lemma, U cannot be conjugate into V. Assume that U is conjugate to some 
elementary group I? of order q5 such that V n 8 has order q4. Then without 
loss, we may assume 0 = C,(X aa+& Xsa+a6 by conjugation i M. But then U 
and 0 would have to be conjugate in No(T), which again is impossible. H nce U 
is weakly closed in R. By (2.3c), U has precisely q + 1 conjugates inT under G. 
Now we are in the same position asin the proof of (4.5). The lemma follows. 
(4.7) LEMMA. Let z E X3a+2b be an involution. Then z is not conjugate into V. 
Proof. Let J be as in (4.5b), respectively (4.6~) according to whether there 
is another elementary group of order q6 or not. Then J is weakly closed in T with 
respect o G, and N&J) controls fusion in Z(j) = Z(Q) Xs,,,, . Let f be the 
set of the q + 1 conjugates of IV resp. U. Put C = NG(J) n C(f), and 
C = C/J. Clearly Q = VJ E Syl,(C). Hence NG(J) = NM(J) * C. 
Under N,(J), the involutions of Z(J) split into two orbits with representatives 
v E Z(Q) and z. If x is conjugate into V, then iVG(J) is transitive on Z(J)+. Hence 
the order of & must be divisible by $(q). As a Sylow-2-subgroup ofC is abelian 
and acted on transitively by the section N&/)/C’, the group &’ must be solvable 
and we conclude that $(q) must divide the order of O(C). Now Coic+,( P) = 1, 
hence P must act faithfully on O(C). By (1.3) and the orders of the linear groups, 
WC mod ~)/cO(C~od.I)(z(/>) contains ome cyclic Sylow-p-subgroup for some 
p dividing OS(q), on which V mutt act faithfully by the above remarks. This is 
impossible. The lemma is proved. 
(4.8) LEMMA. (a) Under N,(U), the involutions of U split into the following 
orbits: 
(1) q - 1 involutions in Z(T) < V, 
(2) q3 - q involutions in (U n V) - Z(T), 
(3) q2(q2 - 1) conjugates of z E X3a+2b , 
(4) q2(q2 - l)(q - 1) conjugates of zv for some v E C,(z) - [V, z]. 
(b) If there exists an elementary group W of order q6 containing U, then all 
the $(q - 1) involutions of W - U are conjugate under NM(W) = NM(U). 
(c) No involution t of short type is conjugate into V. 
Proof. (a) Clearly U n V and Z(T) are NM(U)-invariant. The group Fb 
is transitive on the section (U n V)/Z( T), and the action of X, and X,,, implies 
that all involutions of type (2) are conjugate. 
The section lJ/( U n V) also is acted on transitively by Fb , hence it suffices 
to consider the set a( V n U). Now the operation of V and n shows that this 
set splits into q2 conjugates ofx and q2(q - I) conjugates ofvs. Thus we have 
obtained the orbits (3) and (4). 
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(b) 
-- -. 
Assume that W exists. By the operation in M. ut IS conjugate to t in 
NM(U). But all involutions in (V n U)t are conjugate under V, and the set 
GZ+b is acted on transitively b w. Thus (b) is proved. 
(c) Assume t is conjugate to some VE V. By(3.3b),we may assume that there 
is a g E G such that tg = v E Z(J), W” < T. But then we have WV E f, and 
without loss, we may assume Wg = W. But by (4.7), tcertainly is not conjugate 
to x, hence U = (zG n W) is normal in W, and t cannot be conjugate into U 
under NG( W). This contradiction proves (c). 
(4.9) THE FINAL CONTRADICTION. By Goldschmidt [4], some involution 
of type (4) is conjugate into V, and as above, we may assume this fusion to 
happen in NG( U). Hence under NG( U), we have one of the fusions (1) N (4), 
(2) - (4), (1) - (2) - (4). 
If only the involutions of type (1) and (4) are conjugate in NG(U), then the 
involutions of type (2) generate an invariant subgroup of order q3 which would 
prohibit the fusion. If only the involutions of type (2) and (4) are fused, then 
they form a class of length (q2 - l)q(g2 - q + 1) = (4” - q) @s(q), which is 
impossible by (1.3). 
Hence the involutions of types (l), (2) and (4) are all fused under Nc( U). 
There is some g E NG( U) such that (zv)” = q, E Z(T), for some cu E (V n U) - 
[I/, z]. Modifying the element g by some element of VF, , we may assume ,zg = z. 
Now this shows vg = v,,z. But as vO E Z(T) < [V, z], T.+,x is conjugate to x. 
Hence z is conjugate into V, a contradiction. 
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